The dynamic behavior of the cylindrical shell with uniform flow is formulated by the finite element method. The dynamics of the shell is based on Donnell's theory and the fluid in cylindrical shell is considered satisfying the Helmholtz equation. The effective thickness of fluid is calculated according to the circumferential modes and the frequencies. An estimation of the FRF (frequency response function) of the shell with taking into consideration of the coupled effects of the internal fluid is presented. These results are compared with the results considering fluid satisfying Laplace equation. The influence of fluid velocity on the FRF is also discussed.
Finite Element Vibration Analysis of Cylindrical Shells
Conveying Fluid with Considering Acoustic-Structure Interactions
Introduction
The dynamic behavior of the cylindrical shell with fluid flow has been studied for a long time. There were many researches to analyze the pipe conveying fluid. The finite element method was used widely to study the behavior of the shell. If the beam element is used for the finite element formulation, the fluid in the shell could only have an effect of added mass on the shell. The shell element can take into consideration of the interactions between the shell and fluid. However the shell element needs lots of nodes and elements in a model, which takes many times to analyze. Paidoussis and Issid (1) used the beam element to discuss the dynamics and stability of pipes conveying fluid with various boundary conditions. Ginsberg (2) used beam element to carry out the stability analysis, based on the Floquet theory, of the pipe with a pulsating flow. Chen and Rosenberg (3) presented frequency spectra of symmetric and asymmetric modes, and discussed the effects of fluid velocity and other parameters. Mazuch et al. (4) studied the natural frequencies and the mode shapes using the shell theory in contact with inviscid, incompressible fluid by finite element method and experiment. Zhang et al. (5) studied the coupled structural-acoustic analysis of fluid-filled cylindrical shells using the wave propagation method. The natural frequencies by the wave propagation method were compared with those by finite element method and boundary element method. Zhang et al. (6) presented the finite element formulation of the thin shell conveying fluid by applying Sanders' thin shell theory. The fluid in the shell was considered as incompressible and inviscid, whose behavior satisfies Laplace equation. Most of previous works were only interested in the natural frequencies or the stability analysis. Seo et al. (7) presented the estimation of frequency response characteristics of forced vibration of the cylindrical shell conveying fluid. But the fluid in the shell was assumed to satisfy Laplace equation, which means that the coupled effect of the fluid is constant regardless of the frequency. The Laplace equation is a special case considering the frequency of 0 Hz in Helmholtz equation. Therefore, using Laplace equation is not desirable in acoustic analysis of higher frequency range.
In this paper, the cylindrical shell was coupled with the internal fluid satisfying the Helmholtz equation with uniform flow. The dynamic behavior of cylindrical shell is assumed to satisfy the Donnell' shell theory. The dynamic pressure acting on the shell wall is derived. The characteristics of the shell with internal fluid satisfying Helmholtz equation are compared with the results of the fluid satisfying Laplace equation. The effective thickness of fluid according to the circumferential mode and the frequency is presented. The effect of the velocity of uniform flow is also discussed.
Finite Element Formulation
The shell element type could be usually used to formulate the cylindrical shell. But, it causes many elements in the shell model and much time to analyze. The circumferential modes of the shell are assumed to be known to overcome this problem. Generally, the circumferential mode of the shell is known as sinusoidal function. Figure 1 shows a model of cylindrical shell conveying internal fluid. The displacement of a cylindrical shell can be assumed by the following Fourier's cosine expansion (8) :
where n is the circumferential mode number and u x , u θ and u r are the displacements of shell in axial, tangential and radial direction. Figure 2 shows the circumferential mode shapes according to the circumferential mode number (n). This assumption makes it possible not to generate meshes in circumferential direction, which gives the reduction of degree-of-freedom in finite element formulation. Seo et al. (7) called this type of element as beam-like shell element. The mesh generation of beam-like shell element is the same as that of beam element. For the finite element formulation, the displacements in elements should be expressed by the shape function and nodal displacements, which gives the followings:
where Here, [N s ] is the shape function matrix and {ū} is a displacement vector at nodal points. Any shape function can be defined by user. Linear functions are used as shape functions in this paper. The radial displacement of cylindrical shell can be assumed to behave like a lateral displacement of a beam. Thus, the shape function in Eq. (2) is the same as that of lateral vibration of a beam. The φ = ∂u r /∂x denotes the slope of u r . The mass, the stiffness matrix and the force vector of the cylindrical structure can be given as follows:
where l e is a length of shell element, ρ s is the density, h is the thickness, R is the radius of the shell, [B] is the matrix which denotes the strain-displacement relation, [D] is the matrix of material constants which denotes the stressstrain relations and [N sr ] is the shape function of the radial component. The first term in Eq. (6) represents the coupling effect of the fluid. The acoustic pressure p a of the fluid at the interface acts normally on the structure of cylindrical shell. The second term of Eq. (6) represents the equivalent force due to external distributed force (q s ).
To consider the effects of the fluid in the cylindrical shell, let us assume that the fluid satisfies the acoustic wave equation with uniform flow. The equation of motion of the fluid can be written in the cylindrical coordinate system as follows (3) :
where φ is the velocity potential, c f is the wave speed of the fluid and U is the mean flow velocity to axial direction. The displacements of the shell can also be expressed in the form of wave propagation, associated with an axial wave number k x and a circumferential modal parameter n.
whereū x ,ū θ andū r are the wave amplitudes in the x, θ, r directions and ω is the circular driving frequency. The radial velocity of the shell and fluid at the interface r = R must be same. This gives the following compatibility condition:
To solve the wave equation, let us assume the velocity potential φ as follows:
Substituting Eq. (12) into Eq. (7) and taking into consideration of the compatibility condition given in Eq. (11) leads the solution as follows:
if
where c p is the wave speed of the shell, J n is the Bessel function of the first kind of order n and I n is the modified Bessel function of the first kind of order n.
The acoustic pressure at the interface of fluid and shell can be expressed as follow:
Substituting Eqs. (8)- (10), (16) into the equation of the motion of the shell (9) , the equation of motion of the coupled system taking into account the acoustic pressure of the internal fluid can be written in matrix form as
where
Here, ν is the poisson's ratio. For a nontrivial solution of these equations, the determinant of the coefficients of Eq. (17) should be zero. It is notable that the following characteristic equation is the frequency-dependant equation.
This equation is not a polynomial function but a complex transcendental function. The axial acoustic wave number k x can be determined as the solution of Eq. (18). The value of k x is the function of frequency ω. Obtaining k x from Eq. (18), the radial acoustic wave number k r can be calculated as follows:
Substituting the acoustic pressure given in Eq. (16) into Eq. (6) gives the following coupled equation of motion.
where,
Here, h f shows the effective thickness of fluid, which depends on the order of circumferential mode and the frequency. Therefore, the mass, damping, stiffness matrices are also the function of the order of circumferential mode and the frequency. But in the previous study (7) , the flow in the shell is assumed to satisfy the Laplace equation instead of Eq. (7) in this paper. It means that the effective thickness of fluid is constant regardless of the frequency, which is given as follows (7) :
where characteristic values, λ, can be obtained from the characteristic equation given by Zhang et al. (6) It is function of only circumferential mode. In case of obtaining the FRF according to the circumferential mode it has an affect on the mass, damping and stiffness matrix as constant value. In this paper, however, the fluid is assumed to satisfy the wave equation given in Eq. (7), and the effective thickness of the fluid varies not only by the circumferential modes but also by the driving frequencies. Therefore, the mass, damping and stiffness matrices are also functions of the circumferential modes and frequencies.
Frequency Response
The axial acoustic wave number, k x , determined from Eq. (18), depends on the order, n of circumferential mode and frequency. The effective thickness of fluid, h f given in Eq. (24), depends on the characteristic value k r . Thus, the effective thickness h f must be calculated according to the order n and frequency. The coupled equation of motion of a cylindrical shell conveying fluid, given in Eq. (20), must be solved according to the order, n of circumferential mode and frequency.
Let us assume the external harmonic force applied to the structure of cylindrical shell as
The harmonic response {ū} in Eq. (20) can be determined as the solution of the following algebraic equation
Since equations of motion are given by the superposition of the solution according to order, n. The displacement of a cylindrical shell can be obtained as follows:
The FRF can be estimated from Eq. (27) by setting external force equal to unity.
Numerical Examples
Several calculations are carried out to validate the presented method. The test model shown in Fig. 3 Table 1 shows the number of nodes and degreesof-freedom used for the analysis. The cylindrical shell was divided equally into 20 elements in the axial direction for both Nastran (shell element) model and the presented (beam-like-shell element) model. The shellelement model needed additional division into 36 elements in circumferential direction, while the presented model did not need any more division. The number of degree-of-freedom by the presented method was further less than that by Nastran. Instead, the presented method must solve the equations of motion for every order of circumferential mode, n = 1,2,···.
In the first calculation, the fluid-filled cylindrical shell is performed. Figure 4 shows the dependence of the axial wave number on the frequency. It is notable that the axial wave number varied according to both the frequency and the circumferential mode. The cut-on frequencies of the axial mode increase according to the circumferential modes. Figure 5 shows the dependence of effective thickness on the frequency. In Ref. (7), when the fluid is assumed to satisfy Laplace equation, the effective thickness becomes constant as shown in Table 2 , which is a special case of Table 1 Comparison of the number of D.O.F used for the analysis Fig. 4 The values of the axial wave number for circumferential mode (n) Fig. 5 Effective thickness of the internal fluid for circumferential mode (n) Table 2 Effective thickness of the internal fluid satisfying Laplace equation (7) 0 Hz in Fig. 5 . Therefore, using Laplace equation is not desirable in acoustic analysis of higher frequency range. But in the presented model, the effective thickness varies according to both the circumferential mode and the frequency. The effective thickness of the first circumferential mode decrease rapidly according to the frequency. But the effective thickness of the higher circumferential mode decrease slowly. In other to calculate the FRF, an external force in radial direction, F r , was assumed to apply at the free end of the cylindrical shell. The receptance (displacement/force) was obtained at the driving point. The difference of the results between the previous method (7) and the presented method is shown in Fig. 6 . The previous method assumed that the fluid satisfies Laplace equation, but the presented method assumed the fluid satisfies Helmholtz equation. The difference comes from the reason that the effective thickness depends on the function of frequency or not. As frequency goes higher, the difference increases. The effective thickness obtained from the fluid satisfying the Helmholtz equation is thinner than that of the fluid sat- ) that the mass matrix increases and the stiffness matrix decreases due to the coupling effects of the internal fluid. Therefore, the effects of thinner thickness of the fluid makes less increasing of mass matrix and less decreasing of stiffness matrix. Therefore the resonance frequencies assuming fluid to satisfy Helmholtz equation are bigger than those assuming fluid to satisfy Laplace equation. Figure 7 shows the FRFs according the circumferential mode. The FRF of the shell given in Fig. 8 can be calculated by the complex summation of FRFs given in Fig. 7 . The FRF at lower frequency shows a same tendency. But going higher frequency, the difference becomes bigger. In the Laplace equation, the effective thickness is overestimated comparing to the Helmholz equation. Finally, the cylindrical shell with fluid flow is calculated. For calculation, the other test model is presented. This model has the following dimensions: length and the others are the same as the previous case. The external radial force is applied at the end of the shell and receptance is obtained at the driving point. Figure 9 shows the FRF according to the mean velocity. As the velocity increases, the resonance frequencies become lower and the damping effect increases. ( 5 ) The thinner thickness caused less increasing of mass effects and less decreasing of stiffness effects, which gave higher resonance frequencies.
Conclusions
( 6 ) The effective thickness of the first circumferential mode was biggest and decreased more rapidly than those of higher modes as the frequency went higher. ( 7 ) The velocity of the internal fluid had effects on the damping and stiffness of the cylindrical shell, which made the natural frequencies lower and peak values smaller.
